cannot be solved. The problem is to estimate the function Fk(n) for fixed k as n + CC. They showed that the assymptotic behavior of Fk(n) depends strongly on the parity of k. For odd integers k, they used a purely number-theoretic approach and proved that (log 2 -&)n < Fk(n) < n -(1 -&)n(log fi)'
for any F > 0 if n is large enough (depending on k and E). The case k = 2 is nearly trivial since Fz(n) is equal to the number of square-free integers not exceeding n which is about (6/7c2)n. For the case of even integers k > 2, they worked out a number-theoretic method which reduces the problem to the study of Ck-free unbalanced bipartite graphs. For k = 4, the corresponding graph-theoretic problem can be settled relatively easily so that they got the following quite satisfactory estimates:
(~5 -s)n3j4(log n)-" < Fd(n) -n(n) < cn3i4(log rze3"
for some constant c and for any E > 0 if n is large enough (depending on k and s) where z(x) denotes the number of the prime numbers not exceeding x.
On the other hand, they could not obtain similarly good estimates for Fk(n), k > 6 due to the limits of the number-theoretic reduction method.
In the remaining case k = 6 they had only partial results since they could not settle the corresponding graph-theoretic problem completely.
For positive integers m,n with m 6 n, let s(m, n) denote the smallest positive integer s such that if G(X, Y) is a bipartite graph with color classes X, Y where IXI=m, IYI=n and G has at least s edges then G must contain a cycle of length 6. ErdGs et al. [3] proved that c(mn)7'9 for m d n < m2,
This enabled them to prove that
where (1) for m2 < n, which would give
and would settle the order of magnitude of F6(n) -(z(n)+n(n/2)) apart from a power of logn. (To improve the logn factor in (3) to the expected (logn)-4'3, a refinement of the number-theoretical reduction method would be needed.) Sarkiizy [5] proved the following weaker form of (2):
and extended the problem by studying longer even cycles. Moreover, he showed that (4) implies
In this paper, we prove conjecture (2) (and consequently (3), as well). Actually, we prove (2) in the following sharper form, which gives (2) together with Sarkozy's upper bound (4).
Theorem 1. s(m, n) < 2n + m2/2.
In case of longer cycles, we prove the following generalization of Theorem 1. 4-cycle exactly means that two vertices have at least two common neighbors. We can eliminate these situations by deleting a few edges.
Theorem 2. If G(X, Y) is a bipartite graph with color classes X, Y that 1x1
Suppose that there exist vertices XI, x2 E X with at least three common neighbors, i.e. that IN(xl) n N(x2)I 2 3. Notice that if N(xt) n N(xz) n N(x3) is nonempty for some vertex x3 E X then IN(xt) n N(q)1 < 1 (and similarly, IN(x2) n N(x3)I < 1). If it is not the case, then x1,x2,x3, a common neighbor of x1,x2 and x3, another common neighbor of XI and x3 and a further vertex out of N(xl) n N(x2) constitute a 6-cycle, a contradiction. Based on this, we can delete the edges, say, from XI to N(xl ) n N(x2) and keep (and mark) the edges from x2 to N(xt ) n N(x2) which we will not consider anymore. Let us do this for all pairs of vertices with at least three common neighbors. After all these steps, we clearly still have at least half of the edges of G, and any two vertices in X have at most one common vertex, i.e., G has no 4-cycle.
However, we do not have to perform the second step for the last vertex. Thus, (1/2)e(G) + 1 can be proved in this way. Also, if we performed first steps only, then we may keep one common neighbor in the last step, so ( 1/2)e(G) + 1 can be proved in this case, as well. 0
